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In this paper we use existing perturbation theories for partial differential equations
that are approximately integrable. These methods are then used to study the BBM
equations, considered as a perturbation of the KdV equations. We show, analytically,
that the amplitudes of two solitary waves are altered after interaction. The change
in amplitude is also calculated.

1. Introduction

The name soliton was first used in connection with the solitary-wave solution of
the Korteweg—de Vries equation. This equation was first derived by Korteweg &
de Vries (1895) as a model for the unidirectional propagation of water waves of small
amplitude and long wavelength. One set of solutions of the KdV equation is a family
of solitary waves, and the numerical studies of Zabusky & Kruskal (1965) indicated
that the result of the nonlinear interaction of a pair of unequal solitary waves leaves
the waves unaltered, except for a phase shift. The proof that this type of interaction
happened exactly came from the inverse-scattering method for the solution of partial
differential equations. This method of solution can be applied to any partial
differential equation that is termed integrable. Such an equation can be thought of
as a generalization, to infinite dimensions, of an integrable Hamiltonian system of
ordinary differential equations where motion takes place on a finite-dimensional
torus. This torus is determined by integrals of the motion. The inverse-scattering
method can also be viewed in this light. For partial differential equations the motion
takes place on an infinite-dimensional torus, determined by an infinite number of
conserved quantities or integrals of the motion.

An alternative model to the KAV equation, first used by Peregrine (1964) for its
advantages in numerical computations, is the BBM equation. This equation has been
studied extensively by Benjamin, Bona & Mahoney (1972). Recent results by McLeod
& Olver (see Bona, Pritchard & Scott 1980) indicate that this equation, and the full
Euler equations from which both the KdV and BBM equations are derived, are not
integrable, since they have only a finite number of conserved quantities. The term
non-integrable is used in a vague sense here, but such equations can be thought of
as a generalization, to infinite dimensions, of a non-integrable Hamiltonian system
of ordinary differential equations where often there is only one conserved quantity,
namely the Hamiltonian. These systems of ordinary differential equations have been
studied by many authors and a summary of methods available can be found in
Arnol’d (1983).
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A recent theorem by Bona (1978) proves that the solutions of the KdV and BBM
equations remain close for times that are not too large. However, the bound on the
difference grows with time, and numerical evidence indicates that, for the BBM
equation, two unequal solitary waves produce a third ‘rarefaction’ wave or dispersive
tail. As a result, the final amplitudes of the two waves are slightly altered
after interaction. Details of this numerical investigation are given in Abdulloev,
Bogolubsky & Makhankov (1976) and Bona et al. (1980).

Hamiltonian systems of ordinary differential equations that are approximately
integrable can be solved by perturbation methods; again see, for example, Arnol’d
(1983). In this paper we use a similar technique to obtain the solution of the BBM
equation from its approximate solution given by the KdV equation. This will predict
the change of amplitude of two solitary waves after interaction. In §2 we develop
the theory applicable to any partial differential equation that can be approximated
by an integrable equation. In §3 we apply this theory to the BBM equation and
consider the interaction of two solitary waves.

2. Scattering theory

In this section we review the scattering—inverse scattering theory for integrable
partial differential equations, and show how this can be modified for equations that
are perturbations of integrable equations. The notation follows closely that of
McKean & van Moerbeke (1975) and McKean (1978), and readers are referred to
these articles for a fuller description of scattering theory and additional references.

We first consider u = u(x)eC®, the class of infinitely differentiable functions
vanishing rapidly at + 0. Let D denote d/dx and define a linear operator Q acting
on functions of x by

Q=-D%*+u. (2.1)

Now let f be a solution of
Qf) = Aft. (2.2)
For 0 < A < oo the spectrum of Q is continuous. If we write A = k? then with k # 0
there are two independent solutions which have the following behaviour at co:

f1 ~ eikz+Sl2 e—lkz’ Su elkz 'l

: . . . x—>—00, + 00, (2.3)
fy ~ 8y, e7ik% o kT 4 g exsz
8, S
where S= ( 1 12)
SZI S22
is unitary with 8,;, = S,,. Then the Wronskian
W(fi.f2) = fifs —fif, = const = —2i8,, k. (2.4)
In addition to the continuous spectrum there may be a finite number » of additional
discrete eigenvalues A =—Fk},i=1,...,n. Now there is only one eigenfunction

f~1xe*7% ag x>+ 00 (and ~ constant x e**i1* as x—>—00). We also define the
norming constant ¢; by the equation

cgj |f2dk = 1. (2.5)

+ We use the notation Q(v) = —v” +uv for Q acting on the function » and reserve the notation
Qu for the linear operator of multiplication by » followed by Q. Thus Qu(w) is the operator Qu acting
on w and is equal to — (vw)” +uvw and is of course in this instance Q(vw).
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The spectral data S,, and the numbers {k;, ¢;},¢ = 1, ..., n are called the augmented
spectral data, and the fundamental theorem of scattering theory is that the map from
u to the augmented spectral data is 1:1 and onto (see, for example, Levinson 1953
and Deift & Trubowitz 1979). The backward or inverse scattering is achieved via the
Gelfand—Levitan integral equation (see Gelfand & Levitan 1951 or Agranovitch &
Marcenko 1963).

Now suppose that X and K are skew-symmetric operators, acting on functions of
x, with the following properties: first, that X induces a local Hamiltonian flow in C}°,
and second, that the following expression is an identity:

X(u) = [@,K], (2.6)

where [@, K] is the usual commutator @K —K@.
The first property means that the equation

Ou
i X(u) (2.7)
can be solved in C° for all time — o0 <t < 0. (See Arnol’d 1983 for more general
information on Hamiltonian systems.)

We shall work as far as possible with the formal operators X and K, but with
X = —1D3+uD + Du, the equation

% = X(u) = —3u" +uu’ + (u?)’ = 3un’—Lu",
where ’ = i 2.8)
o’ .
is the Korteweg—de Vries equation, and Lax (1968) discovered the identity
Ou _0Q
a = a - [Q: K], (2.9)

where K = 2D3 —3(uD + Du).
The second property means that under (2.7), —K is the infinitesimal transforma-
tion, and the corresponding eigenfunctions move according to the equation

of _
% =K. (2.10)

For the KdV equation, the scattering method yields the results

8,,(8) = 8y, (t), (2.11)
8,,(t) = Sy,(t,) exp [—4ik3(t—1,)], (2.12)
k=k(t,), i=1,...n, (2.13)
c? = c}(t,) exp [4k3(t—t))], i=1,...,m, (2.14)

where the constants S;,(¢,), S;4(ty), k,(t,) and c,(t,) are determined from the initial
solution u at t = ¢,

If now we suppose that u satisfies the perturbed equation

X = X +eX,(u) (2.15)
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then the methods of Karpman & Maslov (19774, b, ¢), Keener & McLaughlin (1977),
and Kaup & Newell (1978) allow us to obtain the results
t
80 = Sult)+55g | Lur)ar, (2.16)

8,2(8) = S;4(t,) exp [ —4ik3(t— 0)]+2 7 I exp [4ik3(r—t)] I, (1) dr,  (2.17)

B0 = K —e [ tn L, 2.18)
to
ci(t) = ck(t)—e r c}(7) exp[— 4k} (1 —1)] I (7)dT, (2.19)
to
where
10 = Xz, @.20)
It) = f © PX (u) de, (2.21)
and

wo =2 p[ [T xw—anp-fanmaeidn [ s e

Equations (2.16)—(2.19) are simply a restatement of the original partial differential
equation (2.8), and should be regarded as integral equations, since the integrals
defined by (2.20)—(2.22) are functionals of §,,, S,,, k; and ¢, via their dependence on
u. However if we expand u as a power series in ¢ with the first approximation, u,,
satisfying (2.8), then u, determines the scattering data correct to order ¢, and the
inverse-scattering method can be used to determine » correct to order €.

3. Application to BBM equation

3.1. The BBM equation
The BBM equation applicable to water waves of small amplitude and long wavelength
is

T =\ 3Vt et

3

ov oV ( ov 1 oV ) (3.1)

In the context of the water-wave problem, (— V) represents the vertical displace-
ment of the surface of the liquid from its equilibrium position, scaled so that the
maximum displacement is of order 1. z*, the horizontal coordinate and ¢*, the time,
are both dimensionless independent variables, with length- and timescales being
chosen so that all derivatives are of order 1. For a fuller description of the scaling
and a derivation of the more familiar KdV equation see, for example, Miles (1977).
For a fuller description of the BBM equation see, for example, Benjamin et al. (1972).

If we introduce a moving coordinate x and a scaled time coordinate ¢ given by

T =1x*—1* = et* (3.2)
and write V(x*, t*) = u(z,t), (3.3)
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then (3.1) becomes
ou_, 0u 100 , Pu

i 3“6?_5@ €55 = X(u)+1eD?(u,). (3.4)
To write this in Hamiltonian form we simply invert the operator I —1¢D? to obtain
S e[ () e8] xwena @5)

However for most purposes it will be sufficient to use the approximation
%—1: = X(u)+3eD?(X(u)). (3.6)

3.2. The solitary-wave solution of the KAV equation

The multisoliton solution of the KdV equation is best obtained via the transform-
ations used by Whitham (1974). He introduces variables P and £ defined by

oP
== P = —-2D(log E), (3.7)
0P 3 [0P\* OP
so that w32 (a) ~ (3.8)
and E<2%+ E”’) —-F (2 %ITE+ E”’) +3(E*—E'E")=0, (3.9)
where = %
The solution corresponding to one solitary wave is
E = 1+exp{—(60-6,)} (3.10)
and u = —1k? sech?}(6—6,), (3.11)

where k and 6, are constants and 6 = kx —1k%.
If we have two solitary waves, then the corresponding solution is

E=1+E+E+% =5 p g (3.12)
TR N |
and
KB, + R B+ 20k — by By B+ B p g e L
1By + k3 Ey+2(ky —k,)* B, 2+m 1By (k3 B\ + k3 E,)
uwu=—2 1 2 s (313)
E?
where E, = exp{—(6,—0,)}, 0, =k ,z—}k. (3.14)
We then have the following results for the eigenfunctions. ¥, and F, satisfy
~F{+ulF, =3k} F, (3.15)
E§<1+—m E,)
and are givenby  F, = L i (t=1,2, j#*1). (8.16)

E
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® 1
Then J F: = T (8.17)
-® i
”_ 3
and u=—2XkF? = Z(EETE-—) (3.18)

(Note that the discrete eigenvalues are A = — (3k,)% and — (3k,)%. The factor of } has
been introduced for convenience.)

3.3. The two-solitary-wave solution of BBM

To obtain an approximation to the two-solitary-wave solutions of BBM, we use (3.13)
as the initial condition as { >— co0. Then (3.13) represents the first approximation to
u, and (2.11)—(2.14) represent the first approximation to the scattering data.
Equations (3.13)—(3.16) are then sufficient to determine k? correct to order ¢. From
(3.6) we have X,(u) = 3D?*(X(u)), and correct to order ¢ (2.18) yields

1 d 2 ® 2 ® 2
Za(kl) J_m F}=—1e J_w F; D*(X(u))
—e r’ (R FDYX(FY)+ K FEDAX(FD)).  (3.19)

Then using (A 2) and (3.17) we obtain
Sh=—¢[" @D+ K PO
[ o]
-t [" moumy, (3.20)

since D? is antisymmetric and ¥, € C°. Therefore

dk, s [°

T —2¢k} F(uD +Du—X) (F3)
Y-
{* a0

= —2cky | (2P FYu+ PP}/ — FRX(FD)
[e o]

o —

{* 0O

——2ek} [ ((FFY - FY Fhu—FEX(FD)
v —00
{* a0
=2kt | (FFY—F¥ P)u, (3.21)
v —Qa0
[e 0] a0
since [ mrxay =" mrerxoy+ixe)
- . —®
[e o]
—— (" wrxw
-
=0; (3.22)

see Appendix A.
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By using (3.16) and (3.18) we obtain, after considerable algebra (see Appendix A),

LD
& 2ck Tk 1, (3.23)
0 pa—
where I=k k,k,—k,) '[ wdx. (3.24)
—® B
Similarly we obtain
: dk, _ . <k —k, )
T +2¢kd Tk 1 (3.25)
As a consequence of (3.23) and (3.25) we obtain a conservation law
k$ + k5 = const, (3.26)

although this applies to the approximation (3.6), and not to the full BBM (3.5).

We now pose the following problem. If we start with two given solitary waves at
t = — oo what will be the form of solution as t >+ o0 ?

In order to compute the solution u correct to order € we need to find the scattering
data correct to order € and then use the inverse scattering method. However if we are
only interested in the emerging solitary waves, then (3.23) and (3.25) are sufficient
to determine their amplitudes and the phase change may be computed by solving
(2.19) for ¢;.

Since both k, and k, are slowly varying functions of time, we might think that we
could work out the total change as

[ o)
[k,] = rn —dt = —2k Py 1dt, (3.27)
regarding k, and k, as constant. However, if we introduce the integral
J(ky, by, t) = J BB 2 de, (3.28)
we may show (see Appendix B) that
oJ
i I, (3.29)

the partial derivative denoting the derivative with respect to ¢ keeping k, and k,
constant. Equation (3.27) would then give as solution

[k,]=0. (3.30)

Thus, to find the total change in k, we need to proceed to the second approximation.
There are two terms that arise in the second approximation. One comes from the fact
that we have approximated the full equation (3.4) by (3.6), and a second term comes
from the expansion of (3.23) and (3.25) to second order.

We shall show (see Appendix C) that (3.30) also holds for the expression for d,/d¢
derived from the full equation (3.4), so that we only need to concentrate on the second
term.

With L, = 2ki(k, —k,)/(k,+k,) and L, defined similarly, we write

dk, o dk, oJ

P T Tk dt_ LT (3.31)
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Therefore

(S Ttk g (01,
@ - cald e\ @t ) T\ @ T
d o g aL) 3 _ .y (aJ ( )aJ>a_
eE(LlJ)—e (Llakl 2 5] J e2L % \%) ) (3.32)
so that

© dk, _ w_z(% aL)]_zoo
J‘_w_det—[—eLlJ]—oo € Llakl 23k (3%]

-en [ G- () @) e e

where in the €* terms we have assumed that the variation of £, and &, with time can
be ignored. Thus,

(k, ~ k)J‘ ( oJ 8J>6J
— 4,274 4
(k] = — %€k} (b, T Ey)? kﬂak k‘{ak dt. (3.34)
After some considerable algebra (see Appendix D) this reduces to
(k] = 23 G(B) 1,(B), (3.35)
where __ 1 1+108°+58*+2(7T+ 1082 —p*) f2 log B/ (1 — ,82
%A =310 1+5 (3.36)
© [ 302 sinh (y —7) }2
I = )
! f_w {I_w {B cosh (y/p) + cosh (y—7)}* dyy dr, (3.37)
ky—k,
and B= kTt E, (3.38)

The integral I, has been normalized so that I,(1) equals one. Then using the result

[+ 0]
I cosh x(fcoshy = 2y cosechy ~ 4y e™ asy-—oo, (3.39)
—®

we may obtain the result

1,(B) ~ 32(BlogB)* as f—0.

For values of £ in the range 0 < # < 1 the integral is easily computed, and is shown
in figure 1.
The multiplier G has the following properties:

Gp) ~ #(1=p), B—~1,

G >0 0318...<f<1,

GB) <0 0<p4<0318...,
and G(0) = —3l5.

Thus the change in k, is positive for #> 0.318... and negative for # < 0.318. The
graph of the change in k, appears in figure 2. The factor €2k has been omitted and
the scale on the vertical axis has been multiplied by 103 for convenience.
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20+
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1 l
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8

Fiaurk 1. Graph of the integral I, defined by (3.37) as a function of £ in the range 0 < £ < 1.

(=)

Change in k,

—4 1 1 t
0 0.5 1.0

8

F1qure 2. Graph of the change in k, as a function of £ in the range 0 < f < 1.

4. Discussion of the results

The evolution (3.23) and (3.25) shows that the rate of change of k, and k, is of order
e. Since from (3.28) J is never negative, and tends to zero as ¢t > c0, the sign of 0J/dt
is positive for large negative times. If k, is greater than k,, (3.23) then gives the

following result:
dk,

¥Tike 0 for tlarge and negative. 4.1)

16 FLM 182
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However (3.30) implies that
[k, ]=0 toordere. (4.2)

This means that k, starts to increase and reaches a maximum before decreasing to
its final value given by (3.35). This value may be positive or negative, depending on
the ratio of k, to k,. However, it is always of order €. This has important consequences
when comparing with numerical results. To get good comparison, the two waves must
have an initial separation which ensures that the integral I defined by (3.24) is o(e).

The author wishes to thank J. L. Bona for helpful discussions during a recent visit
to Chicago and to the Carnegie Trust for the Universities of Scotland, who provided
funds to make this visit possible. The author is also grateful for the support given
by the University of Edinburgh during his sabbatical leave spent in part at the
University of California, Berkeley. In addition, the preparation of this manuscript
was supported by the Office of Naval Research, Mechanics Division, Scientific Officer,
Dr Chuong M. Lee.

Appendix A
In this Appendix we prove

fw X (u) =0

where fis the eigenfunction satisfying (2.2), with A belonging to the discrete spectrum.
The skew symmetry of X gives the following identity for any functions « and g:

aX(B)+ pX(x) = DR2afu—jaf’—a'f +a"p)}, (A1)

so that with & = f2 and # = 1 and using the result (see McKean & van Moerbeke)
X(f%) = 24", (A2)
we obtain f2X(1) = D{—-2Af*+2f2u—1f*"}. (A3)
Thus jw AX1)=0 (A4)

since #—~0 and f—>0 at oo.
The skew symmetry of X also gives

|7 rx@=-[" wxm, (a5)

since u—~0 at 00. Therefore

fwfzxw) =—2A J_ww uf¥ = +2A fwﬂD(u) =22 fwfzxu), (A 6)

S0 that j " $1X () = 0. (A7)



Perturbation theory for approximately integrable p.d.e.’s 477

Appendix B

We prove the formulae (3.24) and (3.29). From the definition of the eigenfunctions
(3.16) we obtain

ky+ ky+k,

ky—k, k,— )}
+k+kkE/< k+kE1
2

= (kl'—kz)Fng{l+

FngD{log%} = Ffi‘g{kl—k2+2k1_]]:2k2E2/<l+k —k E>
1 2
k

k,+k,

{ ky B, + ko By + (k,— ky)?/ (ky + ;) E, E, }}
1+ (ky — k) /(Fey + kog) (By— By)— (ky — p)2/ (ky + k)2 B, B,

2 E
B (kl_kz)F?Fg{l_kl+k2 (E+ 2E [ (s + k2)>}

(k,+k,) E

= ek R B e B4 2E) (B1)
Also we obtain
RF,= (EIE%)%{H: +’,Z (By—E,)— %E@z}
B 2
so that F;ﬁ’;—ﬁfﬁ‘g:(’;i;:)E E2{2E’ + (ky +k,) E}. (B 3)

Thus using (3.18) we obtain

@ ’ ’ E E2 / " ’
[” mr-rrmyu= 22" B k) B BE B, (B4

The term E3E, E,/E® may be integrated as
J‘°° E®E E, I:_}E’zEl E{I“’ +J‘°° {;-E’E”E1 E, ik, tk,) E"E, Ez}
o E° - ol o o B B

© E{2E"— (k,+k,) E'}E, E,
E '

Repeated integration by parts gives the result

w . 2k,—k, (* E,E
.[ (F1Fy —FY Fplu=—31—2 D (B + (ke +hep) B +4(ky + k)2 E)

3k, +Ek, B3
k,ky(k,—k,)(E,—E)) E, E
3k gy .[ B (B 6)
or I=k1k2(k1_k2)j (Ez_l;w, B7)

—w

16-2
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which is (3.24). From (3.28) we obtain

o ([ {E1E2 E,E,

by —k;
w_ 3 .3
o s Kt k) ——pm

(kaE +k3E +<k k) (B2 + k3 E, E)}

E E 3+
f~w 9E? (k3+kg)_ 11;1»32{k?E1+kgE2 k

T,
E,E, E) . E,~F,,
j_w{zEa (E+k 5, B+ BB

E,—E E E, B3+E3™
=kk(k_k)J‘ -—2—1-EE+[—1 2 2]
S I 2B® ky+k,l_
=1, (B 8)
which is (3.29).

b B+ kB +k Ez)}

el =)

Appendix C

Here we prove that the expression for dk,/d¢ satisfies (3.30) if u satisfies (3.5).
We first notice from (A 6) that

fw F:X(u)dz = 0. (C 1)

Thus if u satisfies (3.5) we may write

- IR () te—a1] x(utg1) aaz

- j‘”w jpr;(x)exp[—(g)’lx—a] — 2K X(FUE) — 243 X(FY(E))) dg d

- (2 - f: Fie) exp| ~(2) le— 81| (P10 a ©2)

since the kernel is clearly an antisymmetric operator so that

J‘_i J‘:o Fi(=z) exp[ < ) |z — El] FX£))dEdx = 0. (C3)

(Note here we have not mentioned explicitly the dependence of F, on ¢. In reality
F,(x) = F(x,t).) Also, since X is an antisymmetric operator, we may write

232 [ e[ (3 e-a|xmmora- |7 moxe-pa  ©9

where the kernel K is antisymmetric in the sense that

K(z) =—K(—2). (C5)
Hence we may write

dk,
2= | romexe-paa, ©6)

so that
1=tk= [ Ba=["[" [" momeke-pasme  ©1)
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Using the definition of F, (3.16) we may obtain
cosh? (3k,x— k3t +10) e~

= 2{e~? cosh (k, + k,) x—3(k3+ k2) {+ 0) + cosh (3(k, — k,) £ — 2(k3— k2) £)}2’ (C8)
ke, —k
—0 = 2 .
where e T, (C9)

Then if we make the substitutions
y=x—3k—k by +k3)¢
n=E-Yki—k k,+ k)¢, (C 10)
T =3k, ky(ke, — k) 8,
in the integral of (C 7), we obtain
e—20
N 2k, ko(ky, — k,)
o J'°° J'°° J“” cosh? (3k, y + (0 + 7)) sinh? 3k, n+1(0—7)) K(y—79)dydydr
S JE Gy, 7) Gy, 7) ’
where Ay, 1) = {e7? cosh? (§(k, + k,) y +0) + cosh (§(k,— k,) y +7)}2. (C12)

If we now make the change of variables

I

(C 11)

y=wtv, p=v—0 (C13)

(noting that the precise form of (C 8) and the subsequent expressions alter, depending
on whether k, —k, is positive or negative) the integral becomes

e—20 @® oo fo©
I= m ,[_00 _[_00 JLOO cosh? (ékz(w+v)+§(0+ ‘T))

sinh? (3k,(v—w)+3(0—71)

)
Fwtv.7)Go—o7 Fe0dedvdr. (Cl4)

Now using (C 5) we may write

f:o g(w) K(2w)dw = I:O (9(0)—g(—w)) K(20w) dw. (C 15)

The numerator of the integrand then becomes, after simplification,

{sinh (3(k, + k) v+ 6) coshi(ky,—k,) w+sinh (3(ky— k) v+7) cosh&%l—cg—)w}

x {cosh (}(k, + k,) v+ 0) sinh }(k, — k,) w + cosh (3(k,— k,) v+ 7) sinh }(k, + k,) 0},

while the denominator becomes (C 16)

{e~? cosh (3(k, +k,) (v+w)+6)+ cosh ((k,— k,) (w+v)+7)2
x {e~% cosh (3(k, + k,) (v—w) +0)+cosh (}(k,— k,) v—w)+7)}2. (C17)
If we introduce the change of variables

2

=r—%(k — P S —
T T 2(k2 kl) v, g v k1+k2

6, (C 18)
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we may write

e 20 f“’ r" J‘” h(w,8,T)K(2w)
== = dwd{dT, Cc19
4y by(ky~ ko) oo ) o ho(w,§,T) wds ( )
where
= {sinh }(k, + k,) { cosh}(k,—%,) w+sinh T cosh }(k, + k,) w}
x {cosh }(k, + k,) { sinh}(k,— k,) w+ cosh T sinh (k, + k,) w} (C 20)
and

hy = {e7% cosh}(k, +k,) (w+ §)+ cosh (3(k,— k,) w+ T)}?
x {e™ cosh}(k, + k) ({—w) + cosh (kg — k) o—T)2. (€ 21)
From these definitions of 4, and 4, it is clear that

hfw, =&, =T) = —hy(w,{,T) (C 22)

and hyw, =€ —T) = +h(w,{,T). (C 23)
Hence under the change of variable T* = —7 and {* = —{, we obtain

I=—1 (C 24)

Therefore I must equal zero, giving the required result.

Appendix D

In this section we establish the result (3.34). From the definitions of J, (3.28), and
E, (3.12), we obtain the expression

ks Ty, — ki Ty, = J [E E’{(kﬂ Kty & — 3k2 K2 (k2 — k2) 8}

2EE3E' {k4E —kiE, (Z k) (kt— ké)ElEz}x—@#
x{kéﬂl—k%Ez—%T,]::—))zE E }kzkzt"%(kg”ﬂpﬁg]dx
=J [E Ez{(k" k) 2z — 3k k3(k2 — k2) £}
R
—3E§3E {I,Zsiza(E E)+: +Z§E’}k2k2t
e ]
- [ et o B
—%;Tk)z(kuk )E2E3E2] 1)
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the final expression being obtained by using an integration by parts. In the third

expression in the integrand we write
(e, —k,)? (K, E,)? _ E E, (
k+k, B B

—E'—k,E,—k,E,), (D 2)

so that

J‘” (kby— ky)? (B Ep)? _ [1 ElEz]‘j’ + Eo §(ky + ky) 21

o KAk, B 2 B 2
E,E,E,+E © E,E(E,~E
i +ky [ BB g gy [T BEGEE) (g
The integral J_m %

appearing in (D 1) and (D 3) is the integral J, so that the contribution it gives to the
right-hand side of (3.34) is zero. Hence from (3:34) we obtain

[k,] = +ﬂ.s2(’c —ky) k“{I +1,+1,}, (D 4)
(e, + k)
where
I S EIE,{kas 3K+, 2} }aJ
I‘_L,o“_m( T Utk 2kt bt (B By degdt, (D5)
- k?+k2f°° {J E E(E+E,) }
L==mm) ..~  ®ad (D 6)
and
L Btk Jw {Jw E E(E,~E) . }aJ
13_+2(k1+k2)2 UL T e it D7)

Following the formulation of Appendix C we write

EIEZ(EZ_EI)
J78
_ sinh (k,—k,) x —3(k3—Kk3) ¢)
" 4{e~? cosh (4(k, + k,) T —1(k2 + k3) £ + 6) + cosh (3(k,— k,) z— (K3 — K3) op!

D 8)

and, regarding I, as a triple integral as in (C 7), we make the following substitutions:

k,—k)@
= Hy— ) = R — by byt B g+ 2010 )
2 1
k,—k)6
7= iy k) E—HH— b byt R g+ 200 (D9)
2 1
k,—k)0
T=]2‘k1k2(k2—kl)t+(zzT];:. }

1 See note on page 479. Here we make the assumption k, > k,.
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Then I, becomes

__,[ .[ .[ 2(ky— k)t kl)

sinh (y —7) sinh (y —7) {Ay + Br— C6}dy dy dr

X 3 5 (D 10)
{e‘” coshmy+cosh (y—T)} {e co:sxh’c +k, 19+ cosh (5 — ’T)}
ky—k, k,—k,
where A4, B and C are constants with
="k e b b a2k ks, (D 11)
key koy(ky + ky) L
Then under the transformation ¢t = —t*,y = —y*, 3 = —9* we obtain
__114,———30(1c ; )2'f Jrdr (D 12)
@ (30) sinh (y—17)
where Silr) = « {f cosh (y/B)+ cosh (y—7)}® Y (D 13)
ky,—k,
and B= T, E, (D 14)
Therefore we have the result that
L= 60(Ic k i .[ Jidr
{(k¥+k, ko + k2)2—2k2 K3} (Ic s+ Ky ) J‘
=+ 1 Jid Di
6O, ky(k, + %) i (B9
Using the same set of transformations on I, the equation corresponding to (D 12) is
I,=—1, (D 16)
so that I,=0, (D 17)
and with the definition of (D 13) I; is seen to be equal to
kS + k3 J‘ @
30("1""‘72)2 (kl_k2)2 - J¥d7 (D 18)
The final expression for [k,] from (D 4) is then
_ 4¢%kd
L] = 270(k, + k,)®
2(k3+k5) _ {(k]—k§)* — 2k ik, — ky)%} | (k2+kl)} J' ®
"{(kl+k2) k&, log\ 7, —%, Jidr
which in terms of 8 (see (D 14) is

ek

A =—2—73(1—1'3—){1+10ﬂ2+5ﬂ4+2(7+10ﬂ2—ﬂ4)ﬂ21og/3/(1—ﬂ2)} J'_w JEdr.
(D 19)
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